Abstract. The spectrum of the Hermitian Hamiltonian H = p 2 + V (x) is real and discrete if the potential V (x) → ∞ as x → ±∞. However, if V (x) is complex and PTsymmetric, it is conjectured that, except in rare special cases, V (x) must be analytic in order to have a real spectrum. This conjecture is demonstrated by using the potential V (x) = (ix) a |x| b , where a, b are real.
Introduction
The field of PT quantum mechanics [1] has attracted significant interest in recent years and a large community of active researchers has developed. This area of study began with the observation that the complex PT -symmetric non-Hermitian Hamiltonian
has a positive real discrete eigenspectrum [2, 3] . The property of PT symmetry is not sufficient to guarantee that the eigenvalues of a non-Hermitian Hamiltonian are real; PT symmetry merely ensures that the secular determinant det(H − 1E) is a real function of E [5] . The eigenvalues of H are the roots of
and thus the condition of PT symmetry implies that the eigenvalues are either real or come in complex-conjugate pairs. If the eigenvalues of a PT -symmetric Hamiltonian are all real, we say that the Hamiltonian has an unbroken PT symmetry, but if there are any complex eigenvalues, we say that the PT symmetry of H is broken. Lacking further information, one would expect (2) to have some complex roots. Thus, it was surprising to find that the class of PT -symmetric Hamiltonians (1) has an entirely real spectrum. In Refs. [2, 3, 4] numerical evidence and detailed perturbative asymptotic analysis was presented to show that the eigenvalues of the Hamiltonian (1)
Conjecture on the analyticity of PT -symmetric potentials 2 are real when ǫ ≥ 0. A rigorous proof that these eigenvalues are all real was given by Dorey, Dunning, and Tateo [6, 7] .
Using the WKB quantization condition
where x 1 and x 2 are the turning points [roots of V (x) − E = 0], one can understand heuristically why the eigenvalues of H in (1) cease to be real when ǫ < 0. The quantization condition (3) requires that there be a continuous integration contour from x 1 to x 2 . Such a contour exists for ǫ ≥ 0, but as soon as ǫ goes below 0, the contour joining x 1 and x 2 is broken by the existence of a branch cut in the complex-x plane and there is no longer a finite-length path connecting the turning points. The discovery that the eigenvalues of H in (1) are real led to a search for and subsequent study of other non-Hermitian PT -symmetric Hamiltonians whose spectra are also real [8, 9, 10, 11, 12, 13, 14] . We emphasize that the reality of the eigenspectrum is an unusual property of a complex Hamiltonian and that many PT -symmetric Hamiltonians do not have entirely real spectra. For example, while the ix 2 y potential studied in Refs. [15, 16] has a real ground-state energy, it has recently been found that some of the other eigenvalues are complex [17] .
In this paper we conjecture that analyticity of the potential is a necessary (but not sufficient) criterion for a non-Dirac-Hermitian Hamiltonian to have real eigenvalues. This conjecture is based on extensive numerical studies in which we have found that, except in rare cases, a PT -symmetric Hamiltonian H = p 2 + V (x) does not have a real spectrum if its potential V (x) is not an analytic function of x. An example of such a nonanalytic PT -symmetric potential, which is discussed in Sec. 2, is
We show in Sec. 2 that this potential has only one real eigenvalue. A heuristic explanation of the role played by analyticity can be based on the WKB contour integral in (3). For complex PT -symmetric potentials the derivation and application of this integral makes explicit use of the analyticity of the potential. Of course, the potential of a Hermitian Hamiltonian need not be analytic because its turning points lie on the real axis. Here, the integral for the WKB quantization condition is unambiguously taken along the real axis and does not need to be deformed into the complex plane. By contrast, the turning points for a complex potential are likely to be complex, and thus the contour for the WKB integral necessarily lies off the real axis. Giving up Hermiticity forces the quantization condition (3) into the complex plane and thus introduces the requirement of path independence and hence analyticity.
The square-well potential studied by Znojil in Ref. [8] is a rare example of a complex nonanalytic PT -symmetric potential having a real spectrum. This potential evades the conjecture above simply because there are no turning points at all; for the square-well potential there is no solution to the equation V (x) = E. This paper is organized very simply: In Sec. 2 we examine the exactly solvable nonanalytic potential in (4) and in Sec. 3 we present numerical results for the class of nonanalytic PT -symmetric potentials
In Sec. 4 we make some brief concluding remarks.
An exactly solvable nonanalytic potential
In this section we consider the PT -symmetric Hamiltonian
whose potential is a nonanalytic function of x. The Schrödinger eigenvalue differential equation associated with this Hamiltonian is
where x is real and where the eigenfunction ψ(x) is required to obey the boundary conditions that ψ → 0 as x → ±∞.
To solve this differential equation, we partition the real axis into two regions. In the region x > 0 the differential equation (7) takes the form
and the exact solution is
Here, D ν is the parabolic cylinder function with
and c 1 and c 2 are arbitrary constants. The boundary condition lim x→+∞ ψ(x) = 0 implies that c 2 = 0. Thus, for x > 0 we have
Similarly, in the region x < 0 the differential equation (7) becomes
whose exact solution is
Here,
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We must patch the two solutions (11) and (15) together at the origin x = 0. Continuity of ψ(x) at x = 0 implies that
and continuity of ψ ′ (x) at x = 0 implies that
Taking the ratio of (17) and (16) eliminates the constants c 1 and d 2 and gives the following exact equation for the eigenvalues:
This condition can be rewritten simply in terms of Gamma functions as Ee iπ/4 = 0.
As required by PT symmetry, the secular equation (19) is a real function of E. This is so because it is the sum of two terms that are complex conjugates of each other. To solve (19) for E, we substitute E = Re E+i Im E and take the real and imaginary parts of the resulting equation. We then plot in Fig. 1 the curves in the complex-E plane along which the real part of (19) vanishes (solid line) and the imaginary part of (19) vanishes (dotted line). [Of course, the condition of PT symmetry requires that the dotted line lie along the real-E axis. However, note that the real-E axis is not the only curve along which the imaginary part of (19) vanishes.]
The intersections of the solid and dotted lines in Fig. 1 are the eigenvalues of H in (6) . Note that there is only one real eigenvalue; all other intersections occur in complex-conjugate pairs. The numerical value of the real eigenvalue is
Numerical study of a class of nonanalytic potentials
In this section we examine numerically the eigenvalue differential equation for the complex PT -symmetric non-Hermitian Hamiltonian
where a and b are real parameters. We begin by determining the appropriate PT -symmetric boundary conditions to be imposed on the eigenfunctions of H in (21). Using WKB analysis, we find the Conjecture on the analyticity of PT -symmetric potentials possible asymptotic behaviors of the eigenfunction ψ(x) satisfying the time-independent Schrödinger equation
For example, when x > 0, the controlling factor of the asymptotic behavior of ψ(x) as
Thus, for a < 2 there exists a solution that grows exponentially and another that decays exponentially for large positive x. The same is true for large negative x so long as a < 2. To determine the eigenvalues for a < 2 we impose the boundary conditions that ψ(x) → 0 as |x| → ∞ on the real-x axis. Note that because the potential is not an analytic function of x, the notion of Stokes' wedges in the complex-x plane in which the boundary conditions are imposed is not applicable. We have calculated the eigenvalues for various values of a and b and our results are listed in Tables 1 and 2 and plotted in Fig. 2 . Clearly, when b is an even integer, the Hamiltonian in (21) reduces to that in (1) and it has an entirely real spectrum. However, for other values of b, when a = 0 there are only a finite number of real eigenvalues. The number of real eigenvalues decreases as a increases, and increases as b increases.
Concluding remarks
Most PT -symmetric potentials V (x) studied so far in the literature are special because they are analytic. In this paper we have explored a new class of nonanalytic PTsymmetric potentials of the form V (x) = (ix) a |x| b , and on the basis of numerical and
Conjecture on the analyticity of PT -symmetric potentials Table 2 . Same as in Table 1 except that a = 1 and a = 3/2.
theoretical calculations we are led to conjecture that, except in rare cases, analyticity is an essential feature that is necessary for the Hamiltonian to have a real spectrum. 
